
Chapter 7 

Solving Lambert's Problem 

DETERMINATION OF AN ORBIT, HAVING A SPECIFIED TRANSFER TIME 

and connecting two position vectors, is called Lambert's Problem. It is 
fundamental today as a means of targeting spacecraft and missiles. In the 
past, from the time of Euler and Lambert, it's solution was essential for ob
taining the elements of the orbits of planets and comets from observations. 
Over the years a variety of techniques for solving this problem has been 
developed. Each is characterized by a particular form of the transfer-time 
equation and a particular choice of independent variable to be used in an 
iterative algorithm to determine the orbital elements. Some of these are 
the subject of the present chapter. 

The first real progress in the solution of Lambert's Problem was made 
by Carl Friedrich Gauss in his book Theoria Motus Corporum Coelestium 
in Sectionibus Conicis Solem Ambientium-Theory of the Motion of the 
Heavenly Bodies Moving about the Sun in Conic Sections-which we have, 
heretofore, referred to simply as Theoria Motus. The story behind this 
book is a fascinating one and we allow Gauss to tell it in his own words by 
quoting from the Preface. t 

"To determine the orbit of a heavenly body, without hypothetical 
assumption, from observations not embracing a great period of 
time, and not allowing a selection with a view to the application of 
special methods, was almost wholly neglected up to the beginning 
of the present century; or, at least, not treated by anyone in a 
manner worthy of its importance; since it assuredly commended 
itself to mathematicians by its difficulty and elegance, even if 
its great utility in practice were not apparent. An opinion had 
universally prevailed that a complete determination from obser
vations embracing a short interval of time was impossible,-an 
ill-founded opinion,-for it is now clearly shown that the orbit 
of a heavenly body may be determined quite nearly from good 

t Written in Gottingen on March 28, 1809. This work earned him the appointment 
as professor of astronomy and director of the observatory at Gottingen. Except for one 
trip to Berlin to attend a scientific meeting he remained at Gottingen for the remainder 
of his life. 
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observations embracing only a few days; and this without any 
hypothetical assumption. 

"Some ideas occurred to me in the month of September of the 
year 1801, engaged at the time on a very different subject, which 
seemed to point to the solution of the great problem of which I 
have spoken. Under such circumstances we not unfrequently, for 
fear of being too much led away by an attractive investigation, suf
fer the associations of ideas, which, more attentively considered, 
might have proved most fruitful in results, to be lost from neglect. 
And the same fate might have befallen these conceptions, had they 
not happily occurred at the most propitious moment for their 
preservation and encouragement that could have been selected. 
For just about this time the report of the new planet, discovered 
on the first day of January of that year with the telescope at 
Palermo, was the subject of universal conversation; and soon af
terwards the observations made by that distinguished astronomer 
Piazzit from the above date to the eleventh of February were 
published. Nowhere in the annals of astronomy do we meet with 
so great an opportunity, and a greater one could hardly be imag
ined, for showing most strikingly, the value of this problem, than 
in this crisis and urgent necessity, when all hope of discovering in 
the heavens this planetary atom, among innumerable small stars 
after the lapse of nearly a year, rested solely upon a sufficiently 
approximate knowledge of its orbit to be based upon these very 
few' observations. Could I ever have found a more seasonable 
opportunity to test the practical value of my conceptions, than 
now in employing them for the determination of the orbit of the 
planet Ceres, which during these forty-one days had described a 
geocentric arc of only three degrees, and after the lapse of a year 
must be looked for in a region of the heavens very remote from 
that in which it was last seen? This first application of the method 
was made in the month of October, 1801, and the first clear night, 
when the planet was sought for {by Baron Franz Xaver von Zach 
on December 7, 1801] as directed by the numbers deduced from 
it, restored the fugitive to observation. Three other new planets, 
subsequently discovered, furnished new opportunities for examin
ing and verifying the efficiency and generality of the method." 

Carl Friedrich Gauss (1777-1855) was born in Brunswick, Germany 
and seemed destined by tradition to a life of manual work with his father 
who was a mason. He taught himself to read and to calculate before he 
was three years old. In elementary school he displayed such extraordinary 

t Giuseppe Piazzi (1746-1826). 
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intellect that Carl Wilhelm Ferdinand, the Duke of Brunswick, took a 
personal interest in his education-sending him in 1795 to the University of 
Gottingen where his research began in earnest. By the time he was eighteen 
he had invented the method of least squares and at nineteen he had made 
the first significant progress in Euclidean geometry in two thousand years 
by stating and proving the conditions which allow a regular polygon to 
be constructed with straightedge and compass. U ntH then he had been 
undecided on a career choice, philology or mathematics. Fortunately, his 
early successes in mathematics made the decision relatively easy. He often 
said later that such an overwhelming horde of new ideas stormed his mind 
before he was twenty that he could but record only a small fraction of them. 

He transferred to the University of Helmstadt in 1798 and attracted 
the attention of Johann Friedrich Pfaff (1765-1825) who became both his 
teacher and friend. It was there in 1798 that he wrote his doctoral dis
sertation in which he gave the first proof of the fundamental theorem of 
algebra, that every nth degree polynomial has exactly n roots. In 1801 
he published his classic work in number theory Disquisitiones A rithmeticae 
just in time to tackle the problem of determining the orbital elements of 
Ceres, the largest of the asteroids. 

Over seven years elapsed before Gauss published his method and he 
did not regret the delay. 

"For, the methods first employed have undergone so many 
and such great changes, that scarcely any trace of resem
blance remains between the method in which the orbit 
of Ceres was first computed, and the form given in this 
work." 

Indeed, thereafter, he was always slow to publish and preferred to 
polish his relatively few masterpieces rather than rush to print everything 
as was Euler's custom. His seal, a tree with but few fruits, bore the motto 
Pauca sed matura (Few, but ripe). 

A list of Gauss' contributions to mathematics and to mathematical 
physics is almost endless and we cannot begin to enumerate them here. By 
the time of his death at the age of 78 he was hailed by his contemporaries 
as the "Prince of Mathematicians." 

7.1 Formulations of the Transfer-Time Equation 

We derive in this section two separate transfer-time relationships, the first 
utilizing Lagrange's equations from his proof of Lambert's theorem and 
the second from an adaptation of one of Gauss' equations from the Theoria 
M otus. Then, we combine the best features of the two formulations to 
derive a third. 
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For convenience, we summarize the relevant equations from Sect. 6.6 
which are needed for this purpose. Theyaret 

...ffi(t2 - t l ) = 2a~(1/1 - sin 1/1 cos 4» 
TI + T2 = 2a(l - cos 1/1 cos 4» 

c = 2a sin 1/1 sin 4> 
AS = a( cos 1/1 - cos 4» 

For brevity, we have introduced the parameter A defined as 

AS = FS = JTI T2 cos !O 

Then, since 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

2 S - c 
A = - (7.6) 

S 

we see that A has a range (-1, 1) and, of course, depends only on the 
geometric configuration of PI and P2 with respect to the occupied focus. 

Lagrange's Equation 

Recall from Sect. 6.6 that Lagrange defined two parameters 

0:=4>+1/1 

so that 
1/1 = ! (a - ,8) 

Then, from Eqs. (7.2) and (7.3), he obtained 

• 2 I S sm -a=-
2 2a 

.2 I s-c sm -,8=--
2 2a (7.7) 

Since Eq. (7.4) may be written as 

AS = 2asin ! asin !,8 

we may combine this with the first of Eqs. (7.7) and obtain the following 
relation between a and ,8 

sin !,8 = A sin ! a (7.8) 

Lagrange's form of the transfer-time equation for elliptic orbits is 
expressed in terms of the parameters a and ,8 as 

...ffi(t2 - t l ) = a! [(a - sin a) - (,8 - sin,8)] (7.9) 

t Recall that"" = ! (E2 - Ed and cos t/> = e cos ~ (E2 + Ed for elliptic orbits with 
similar relations for hyperbolic orbits. 
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and, for fixed geometry, is a function only of the semimajor axis a. How
ever, a is not a convenient variablet for two important reasons: (1) the 
transfer time is a double-valued function of a-remember that each pair 
of conjugate orbits has the same semimajor axis-and (2) the derivative of 
the transfer time with respect to a, 

yIP, :a (t2 - t l ) = ia![(a - sin a) - (,8 - sin,8)] 

- a- i [stan!a - (s - c) tan !,8] 

is infinite for that value of a = am = ! s corresponding to the minimum
energy orbit for which am = 1r. 

Fortunately, we can transform Lagrange's equation to a much more 
convenient formt by using Eqs. (7.6) and (7.7) to write 

/f( ) -a - sin a ,3,8 - sin,8 
- t2 - t1 - - 1\ 

a~ sin3 ! a sin3 !,8 

Similarly, for hyperbolic orbits, we obtain 

J ,.. (t - t l = sinh '" - '" - A 3 sinh P - P 
a~ 2 I sinh3 ! a sinh3 !,8 

with a and ,8 given by 

sinh2 ! a = _s_ 
2 -2a inh2 1,8- s-c 

S - --
2 - -2a 

and related according to 

sinh !,8 = ,\ sinh ! a 

By defining a function Q Q as 

I 
a - sin a 
sin3 !a 

Q = 2 
Q sinha - a 

sinh3 !a 2 

then both equations, (7.10) and (7.11), are identical. Hence, 

J ~ (t2 - til = QQ - A3Q~ 
am 

(7.10) 

(7.11) 

(7.12) 

(7.13) 

(7.14) 

(7.15) 

t Some authors have developed algorithms using the parameter p as the iterated 
variable without mentioning that all orbits have the same parameter for a 180 degree 
transfer. 

* This transformation is from the author's book Astronautical Guidance published by 
McGraw-Hill Book Co. in 1964 and first appeared in his MIT Inatrumentation 
UJbomtory Report R-989 in Sept. 1962. The material comprising the present section 
and the next are from the author's paper "Lambert's Problem Revisited" which was 
published in the AIAA Journal, Vol. 15, May 1977, pp. 707-713. 
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As we shall see in the next section, Qat is a hypergeometric function. 
Specifically, 

(7.16) 

Therefore, if we define 

{

COS !a 
x-

- cosh!a 
and 

{

COS !f3 
y-

- cosh!f3 
(7.17) 

then Eq. (7.15) becomes 

. f{.{t 2 - t I ) = ~F[3, 1; ~; ! (1- x)] - ~,\3 F[3, 1; ~; ! (1 - y)] (7.18) 
Va~ 

with the positive quantity y related to x according to 

y = v'1 - ,\2(1 - x2 ) 

which is derived from Eqs. (7.8) and (7.13). 

(7.19) 

There is great advantage in regarding the transfer time as a function 
of the variable x, defined in the first of Eqs. (7.17) but also expressible as 

x2 = 1 _ am (7.20) 
a 

All of the problems anticipated with the semimajor axis a used for this 
purpose have vanished. The graph of the transfer time as a function of x 
for various values of '\, shown in Fig. 7.1, is single-valued, monotonic, and 
readily adapted to a Newton method of iterative solution. Further, we note 
that the variable x has the following range and significance: 

-1 < x < 1 

x=1 

l<x<oo 

elliptic orbits 

parabolic orbit 

hyperbolic orbits 

and also that x = 0 corresponds to the transfer time for the minimum
energy path from PI to P2 • 

Gauss' Equation 

Another form of the transfer-time equation for an elliptic orbit may be 
obtained by eliminating cos¢ between Eqs. (7.1) and (7.4). We have then, 

fo,(t 2 - t I ) = a!(21/J - sin21/J) + 2'\sat sin1/J 

as first obtained by Gauss in his Theoria Motus. Similarly, for hyperbolic 
orbits, 
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Fig. 7.1: Transfer time as a function of x. 

We now depart from Gauss and define a positive quantity TJ by 

2 { 2a sin
2 t/J 

BTJ = 
- 2a sinh 2 t/J 

(7.21) 

and write the transfer-time equation, in either case, in universal form 

if(t2 - t,l = r/Q2'" + 4A'1 

where Q2 'I/J is defined by Eq. (7.14) with a replaced by 2t/J. 
Finally, by eliminating ¢ between Eqs. (7.2) and (7.4), 

2 { cos t/J 
Tl + T2 = BTJ + 2AB cosh t/J 

so that, for fixed geometry, TJ is a function only of t/J. Indeed, since 

T 1 + T 2 = 2B - C = B (1 + A 2 ) 

we have 

TJ2 = { (1 - A)2 + 4Asin
2 ~t/J 

(1 - A)2 - 4A sinh2 ~t/J 

(7.22) 

(7.23) 
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The transfer time is thus a function only of the anomaly difference 
E2 - EI (or H 2 - HI ). However, since (~shown in the following section) 

{ 

1F(3 l' §.·sin2 1../.) 
Q _ 3 "2' 20/ 

21/J -
~F(3, 1; ~; - sinh2 !1/J) 

we may define 

81 = { 

sin2 !1/J 

- sinh2 ~1/J 

and express t2 - tl more compactly as a function of 8 1 , Therefore, 

where 

and 

0<81 < 1 

81 = 0 
-00 < 81 < 0 

with 

elliptic orbits 

parabolic orbit 

hyperbolic orbits 

(7.24 ) 

(7.25) 

{7.26} 

(7.27) 

A graph of the transfer time as a function of -81 for various values of A 
is given in Fig. 7.2. The curves are, indeed, monotonic but have little else 
to recommend them for a Newton method of iteration. 

Combined Equations 

When we compare the two transfer-time formulations, as summarized in 
Figs. 7.1 and 7.2, it appears that the graph of t2 - tl as a function of 
x is more amenable to a mechanized iterative solution than is its graph 
as a function of 8 1 , The two sets of curves are identical for ,\ = 0, 
corresponding to a 180 degree transfer, but otherwise differ significantly in 
important characteristics. 

On the other hand, if the basis of comparison is computation efficiency, 
then Gauss' equation is to be preferred since the evaluation of only one 
hypergeometric function is required rather than two. In both cases, one 
square root function is necessary. 

It is possible to relate the independent variables 8 1 and x in a simple 
way so that the advantages of both formulations can be realized in a single 
expression. For this purpose, using Eq. (7.25) together with the relation 
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Fig. 7.2: Transfer time as a function of -81 . 

between 1/J and the Lagrange parameters a and {3, we write 

{
I - cos 1/J = 1 - cos -21 {a - {3} 

28 -
1 - 1 - cosh 1/J = 1 - cosh! {a - {3} 

{ 
I lIa • 1 . la _ - cos 2'acos 2'1-' - sm 2'asm 2'1-' 

- 1- cosh !acosh!{3 + sinh !asinh!{3 

Next, we employ Eqs. {7.8} and {7.13} to eliminate sin! {3 and sinh! {3. 
There results 

28
1 

= 2 2 2 {I lIa \·21 - cos -acos -I-' - Asm -a 

1 - cosh !acosh!{3 +;\ sinh2 !a 

= 1 - xy - ;\{ 1 - x2
} {7.28} 

Furthermore, the quantity ",2, as given in Eq. (7.27), is a much simpler 
expression in terms of x and y. Thus, 

2 { 1 + ;\2 - 2;\ cos! (a - {3} 
'fJ = 1 + ;\2 - 2;\ cosh! (a - {3} 
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which we expand, using Eqs. (7.8) and (7.13) as before, to obtain 

",2 _ 2 2 2 
{

I - A2 - 2A cos 1acos 1{3 + 2A2 cos2 !a 

- 1 - A2 - 2A cosh!a cosh 1 R + 2A2 cosh2 !a 2 2P 2 

= 1 - A2 - 2AXY + 2A2X2 

Then, from Eq. (7.19), 

so that 
",2 = (y _ AX)2 

Finally, since y and ", are both positive and 

y2 _ A2X2 ~ 0 

it follows that 

", = y - AX 

[Chap. 7 

(7.29) 

Therefore, the transfer-time fonnulation which seems more appropri
ate than either Gauss' or Lagrange's alone, can be summarized. From the 
geometry of the problem, we first calculate 

and AS = y'T 1 T 2 cos ! 0 

Then, starting with a suitable trial value of x, we compute 

y = VI - A2(1 - x2) 

'fJ =y-AX 

81 = !(1- A - x",) 

Q = ~F(3, 1;~; 81) 

which are then used to obtain the transfer time from 

. f{.(t 2 - t l ) = ",3Q + 4A", 
Va~ 

(7.30) 

(7.31) 

The process continues by systematically altering the value of x until the 
required convergence is obtained. Note that only one square root and one 
hypergeometric function are required for each computation cycle. 

In the next section, convenient derivative formulas for the transfer 
time are developed in the event that Newton's method is to be used for the 
iterative calculation of x. 
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~ Problem 7-1 
Y In Lambert's paper Insigniores orbitae Cometarum proprietates, published 

in Augsburg in 1761, he derived the series 

~ v'2 (2n - 1)1 (n+~ n+~] 1 
+ L.J 2n + 3 23n-1nl (n _ 1)1 8 1= (8 - c) an 

n=1 

from the integral of Prob. 6-30 by expanding the integrand as a power series in 
r and integrating term by term. This result can be obtained more easily from 
Eq. (7.18) by using the identity (1.18) derived in Sect. 1.1. 

Determine the range of convergence of this series. 

NOTE: The first term in the series is Euler's equation for the transfer time of a 
parabola. 

Johann Heinrich Lambert 1761 

Multiple-Revolution Transfer Orbits 

For elliptic orbits, we may wish to include the possibility of a number N 
of complete orbits before termination at the point P2 • In this case, the 
transfer-time equation (7.26) is modified, using Eq. (7.20), as follows: 

{!i:( - 21T N 4 3 . 5. 3'" t2 - t l ) - 3 + 311 F(3,1, 2,81) +4~11 
am (1 - x2)~ 

(7.32) 

When the transfer angle () is less than 360 degrees (N = 0), the orbit 
connecting points PI and P2 for a given transfer time is unique. However, 
if () is greater than 360 degrees but less than 720 degrees (N = 1), x is a 
double-valued function of the transfer time. Thus, corresponding to each 
value of t2 - tl that is sufficiently large to ensure a solution, two orbits 
are obtainable. As N increases so does the number of possible orbits for 
sufficiently large values of t2 - t I . 

In Fig. 7.3 the complete family of solutions is illustrated for N = 0 and 
N = 1. Two interesting characteristics of these curves deserve comment: 
(1) The curve for ~ = 1 and N = 0 terminates for x = O. Since ~ = 1 
corresponds to a transfer angle of zero, the portion of the curve for negative 
x corresponds, simply, to rectilinear orbits. (2) For ~ = -1, that is a 
transfer angle of exactly 360 degrees, there is a discontinuity in the slope 
at that point on the curve corresponding to the minimum-energy orbit. 
However, ~ = -1 for N = 0 is the same as ~ = 1 for the case of a single 
multiple-revolution orbit (N = 1). Viewed from this perspective, the curve 
has a continuous derivative. This feature does suggest that, for ~ quite 
close in value to minus one, there will be a change in curvature. 
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Fig. 7.3: Transfer time for multiple-revolution orbits. 

The Velocity Vector 

The final step in the solution of the Lambert problem will, in many cases, 
be the calculation of the velocity vector v I at the point PI in terms of 
that value of x found to satisfy the transfer-time equation (7.31). 

From Eqs. (6.2) and (6.3), the vector VI may be written as 

(7.33) 

where i r1 is the unit vector defining the direction of PI from the force 
center, i h is the unit vector normal to the orbital plane, p is the parameter 
of the orbit, and 

r l • VI 

Ul = .Jii 
To complete the task, we must find convenient expressions for p and U I . 

First, from Eq. (6.108), in the previous chapter, we can derive 
. 2 I () 

TIT2 sm '2 
p = .....;....----:::---=--

a sin2 1/J 
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and, substituting from Eq. (7.21), obtain 

p = TIT 2 sin 2 1 0 
amTJ2 2 

(7.34) 

Thus, the parameter of the orbit is inversely proportional to TJ2. 
Second, by adapting Eq. (4.98), derived in Chapter 4 as an identity 

for the universal functions, we arrive at the following equation for u 1 : 

~ sin 10 = cos 10 _ f5. {cos.,p 
vp 2 2 V T 2 cosh .,p 

which, using Eqs. (7.34), (7.5), and (7.28), becomes 

1 
u 1 = -- [2'\am - Tl (,\ + XTJ)] (7.35) 

TJ.;o:; 

Finally, Eq. (7.33) may be expressed as 

v 1 = !-J J.I {[2'\ am - (,\ + XTJ)] i r1 + f!1. sin! 0 i h X i r1 } (7.36) 
TJ am Tl V Tl 

which is a most convenient form for computational purposes. 
A different expression for the velocity vector v 1 can be had which 

gives some geometric significance to the variables x and y. This is the 
subject of the next problem. 

~ Problem 7-2 
Y Define the unit vectors j 1 and j2 in the directions of the minimum-energy 

velocity vectors at the initial and terminal points. Let h and h be defined to 
make the coordinate pairs h, jl and i2, j2 right-handed and orthogonal. Then, 
the velocity vectors at the two terminals may be written as 

v, =!1f [-X(h olr.)h +y/,!;(12 0Ir2ll,] 

V2 = !1f [ x(12 01.,)" + Y~(h olr,lJ.] 

7.2 The Q Function 

The function Qa' or simply, Q, defined in Eq. (7.14) as 

Q = a-sina 
sin3 1a 2 

for elliptic orbits can be shown to be a hypergeometric function of 

z = sin2 ia 

(7.37) 

(7.38) 
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To this end, t we differentiate Q with respect to z 

sin 2 ! a dQ + 6 cos! a Q = 8 
2 dz 2 

by using the chain rule and noting that 

:~ = ~ sin lacos la = l sin ~a 
Now, substituting for a from 

we obtain 

sin2 ~a = 4z(l- z) and cos ~a = 1- 2z 

z(1 - z) dQ + (~ - 3z)Q = 2 
dz 2 

Finally, differentiating a second time produces 

z(1 - z) d
2
Q + (~ _ 5z) dQ - 3Q = 0 

dz2 2 dz 

which is Gauss' equation (1.12) with parameters 3, 1, and ~. Since 

lim Q = lim Q = 1 
%-0 Ct-O 3 

(7.39) 

(7.40) 

then the first part of Eq. (7.16) of the previous section is established. In a 
similar manner, we can verify the second part. 

Improving the Convergence 

Since hypergeometric functions admit a wide variety of transformations, 
we are tempted to explore the possibility of improving their computational 
efficiency. In fact, we can develop a convenient recursion formula for this 
purpose which is a direct consequence of 

1. Gauss' relation for contiguous functionst 

(,- a - {J)F(a, (J;,; z) 
+ a(1 - z)F(a + 1, (J;,; z) - (,- {J)F(a, (J - 1;,; z) = 0 

2. Quadratic transformation formula-Eq. (1.19) 

F(a,{J;a+{J- ~;z) = (l-z)-CtF(2a-l,2.B-l;o+{J-~; ~ - ~vr=z) 

From the relation for contiguous functions, with the parameters 0, {J, 
and , chosen as a = 2, (J = 1, and , = ~,we obtain 

2(1 - z)F(3, 1; ~; z) = i + ~ F(2, 1; ~; z) 

t The derivation is the same as was used in Sect. 4.7 for the same quantity expressed 
in terms of universal functions. * This is identity number (3) in the subsection on contiguous functions in Sect. 1.1. 
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Then, with the same choice of parameters, the quadratic transformation 
gives 

F(2, 1; ~;z) = (l-z)-2F(3,1;~; i - iv'f=Z) 
By combining the two, we derive the recursive expression 

F(3, 1; ~;S .. ) = 4~ .. [3+ }c:-F(3, 1; ~;S"+l)] 
where 

(7.41) 

(7.42) 

and for which, with n = 0,1,2, ... , the following recursive relations hold: 

and (7.43) 

Since convergence of either the hypergeometric series or the continued 
fraction is enhanced when the argument is small, we may recursively use 
Eq. (7.41) to advantage in order to obtain for given'" as rapid convergence 
as might be desired. There is, of course, a penalty in that the expression 
for Q becomes algebraically more complex. For example, if we apply the 
recursive identities successively, we generate the following sequence for Q: 

4 
Q = aF (3, 1; ~; 8 1) 

Q = ~, [1 + 3Jc;.F(3, Q;S2)] 

Q = ~, {I + 4C2~ [1 + 3Jc;F(3, 1; ~;S3)]} etc. 

where 
8 1 = i(1 - >. - Xl1) 

8 2 = i(1 - VG;) 
83 = i (1 - VC;) etc. 

C1 = !(1 + >. + Xl1) 

C2 = !(1 + VG;) 
C3 = !(1 + VC;) etc. 

(7.44) 

Note that each time the recursion is applied an additional square root 
is required in the calculation of Q while, at the same time, the magnitude 
of the argument of the hypergeometric function decreases as indicated in 
Eq. (7.42). A comparison of the number of levels necessary for evaluation 
of the continued fraction representations of the successive hypergeometric 
functions can be found in the previously cited paper "Lambert's Problem 
Revisited" and will not be repeated here. 
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¢ Problem 7-3 
Establish the identity 

F(3,1; ~;Sn) = ~n F(-4,1; ~;Tn) 

[Chap. 7 

from the linear transformation formula (1.15). By combining this with Eq. (7.41), 
derive the recursive expression 

F( - ~ ,I; i; Tn) = ~ [3+ Cn+:.,;c.F( - ~ ,I; i; Tn+l)] 

where 

Develop the following sequence for Q: 

4 
Q= 3CIF(-!,I;~;Td 

Q= ~l [1+ 3C2~F(-~,q;T2)] 

Q = ~l { I + 4C2~ [1 + 3C3~F(-!.I; Pa)]} etc. 
where 

etc. 

Continued Fraction Representation 

The hypergeometric function F(3, 1; ~; z) satisfies the requirement neces
sary for expansion as a continued fraction. Therefore, according to the 
developments in Sect. 1.2 of Chapter 1, we have 

where 

1 
F(3,1; ~;z) = -------

liz 1-------:;;...---
1- 12z 

1- 13z 

( 

(n + 2)(n + 5) 
"y = (2n + 1)(2n + 3) 

n n(n - 3) 
(2n + 1)(2n + 3) 

1- '. 

n odd 

n even 

(7.45) 

(7.46) 



Sect. 7.2] The Q Function 311 

By using the continued fraction rather than the power series represen
tation of the hypergeometric function, not only is the speed of convergence 
improved, for a given argument z, but the range of convergence is also 
expanded from Izl < 1 for the power series to z < 1 for the contin
ued fraction-a range that encompasses the entire spectrum of arguments 
for Lambert's problem. (The convergence of this particular fraction was 
demonstrated in Chapter 1 in Prob. 1-19 for negative values of z and, as 
an example in a subsection of Sect. 1.3 for positive z.) 

A convenient technique for evaluating continued fractions from the 
top to the bottom was developed in Sect. 1.4 of Chapter 1. Applying this 
to the case at hand, the algorithm for determining F(3, 1; !; z) can be 
summarized as follows. 

Initialize: 

Calculate: 
f> _ 1 
n+l - 1 -1 zf> 

n n 

Un+1 = un(f>n+l - 1) 

En+l = En + un+1 

(7.47) 

where 1n is given in Eq. (7.46). Repeated calculations, for n = 1,2, ... , of 
these equations produces F(3, 1; !; z) since 

F(3, 1; !; z) = lim En 
n-oo 

provided, of course, that z < 1. 

¢ Problem 7-4 
The continued fraction expansion of F( -!, Ij i j z) is 

where 

1 
F(-!,lj ijz) = -------

WIZ 
1-------

1 _ __ W_2_Z __ 

(2n + 1)(2n + 3) 
( 

(n-2)(n+2) 

Wn = (2n + 1)(2n + 3) 
n(n + 4) 

1- _W_3_Z _ 

1- .. 

n odd 

n even 

Determine the range of convergence of this continued fraction. 
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Derivative Formulas 

When Newton's method is used to solve the transfer-time equation for x, 
the derivative ofEq. (7.31) is required. For this purpose, we use Eqs. (7.19) 
and (7.29) to obtain 

so that 

(7.48) 

The derivative of the Q function implies differentiation of the hyper
geometric function F(3, 1; ~; z) which is obtained from Eq. (7.39) as 

~F(3 .2. )=3+3(2z-1)F(3,1;~;Z) 
dz ,1, 2' z 2z(1 - z) 

Unfortunately, this expression is indeterminate for z = 0, corresponding 
to the case of the parabolic orbit. 

To resolve the indeterminacy, we write 

1 
F(3, 1; ~;z) = 1 G( ) 

-1'lz z 

from the continued fraction representation given in Eq. (7.45), with 

Then, we have 

1 
G(z)=-----

1 _ __ "'I_2_Z __ 

1 _ 1'3z 

1- .. 

d . 5. _ 6 - 3-ylG(z) 
dz F(3, 1, "2' z) - 2(1 _ z)[1 - 1'tzG(z)] (7.49) 

The function G(z) [instead of F(3, 1; ~; z)] may be evaluated by a trivial 
modification of the algorithm summarized in Eqs. (7.47). 

Finally, the derivative of z with respect to x, where z = 8"" is easily 
obtained by noting that 

(7.50) 

When applying Newton's iteration, a note of caution is necessary. In 
the vicinity of the minimum energy orbit (x = 0) and for A in the range 
-1.0 ~ A ~ -0.97 (close to a 360 0 transfer), the second derivative of the 
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transfer-time function versus x is negative.t Under these very specialized 
circumstances, a different iteration technique will be required. 

¢ Problem 7-5 
Demonstrate that 

d 
dz F( - ~ , 1; ~; z) = 

1 + 3wl H(z) 
2(1 - z)[1 - wlzH(z)] 

where 

A1so, verify that 

1 
H(z)=-----

1 _ __ W_2_Z __ 

l __ w_3z_ 

1- '. 

dTl 1 dOl 112 
--;I;' = 0 2 dx = 2y02 

1 1 

NOTE: The formulas for the coefficients of this continued fraction are given in 
Prob.7-4. 

7.3 Gauss' Method 

The insight and ingenuity of Gauss are aptly demonstrated in his approach 
to the orbit-determination problem. One of his goals was to formulate the 
transfer-time equation in such a manner as to render it totally insensitive 
to computational errors when the transfer angle 0 is small-of the order 
of two or three degrees. 

Consider first his treatment of the expression 

Tl + T2 - 2v'T IT2 cos !Ocos1/1 
a = 2sin21/1 (7.51) 

for the semimajor axis, obtained by eliminating cos</> between Eqs. (7.2) 
and (7.4). In this form the equation is not suitable for his use. The radii 
Tl and T2 are nearly equal and both 8 and 1/1 are small angles. Therefore, 
to compute a from Eq. (7.51) requires calculating the small difference of 
two almost equal quantities and then dividing by a small quantity-totally 
unacceptable to be sure. 

Instead, Gauss writes 

2v'TIT2 cos ~O (i + sin2 !1/1) 
a = sin2 1/1 (7.52) 

t This was first reported by E. R. Lancaster and R. C. Blanchard in a NASA TN 
D-5368 titled CIA Unified Form of Lambert's Theorem" and published in Sept. 1969. This 
change in curvature was discussed in connection with Fig. 7.3 in the previous section. 
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where i is defined by 

0_ TI + T2 1 
(. - I 

4v'TI T2 cos '2 () 2 
(7.53) 

If i can be accurately determined, Eq. (7.52) presents no problem when 
used to calculate a. But, of course, the equation for i is also completely 
inappropriate for the same reasons as before. 

However, suppose we define a quantity w by 

(7.54) 

so that 

Then, since Eq. (7.53) can be written as 

~ ~ 
i= y;:; + y;:; -~ 

4cos !() 2 

we have 
sin2 ! () + tan2 2w 

i = 4 
cos! () 

(7.55) 

which is entirely insensitive to computational errors and is positive for () 
less than 180 degrees. 

From a different point of view, let us write 

(7.56) 

so that € is simply the fractional part of the quotient of T2 and TI . Then, 
since 

tan( i 7r + w) = (1 + €) t 

according to Eq. (7.54), we obtain 

(7.57) 

to be used in Eq. (7.55). This alternative seems much more useful for 
computational purposes. 
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The Classical Equations of Gauss 

Thrning now to the transfer-time equation in the form 

I¥a 2~cos !f) 
a{t2 - t1) = 21/1 - sin 21/1 + 1 2 sin 1/1 
a a 

which is obtained by eliminating cos 4> between Eqs. (7.1) and (7.4), we 
substitute for a from Eq. (7.52) and introduce a quantity m defined by 

.Jii{t2 - td 
m= 3 

(2JT1T2 cos !f))~ 
(7.58) 

There results 
. 3 ,,/. . 3 ,,/. 

± sm 'Y 2"/" 2"/' Sln 'Y m = 'Y - sm 'Y + --~"......-
(l + sin 2 ! 1/1 ) ! l + sin 2 ! 1/1 

(7.59) 

where the choice of sign depends on whether sin 1/1 is positive or negative. t 
Finally, we observe that, for the case we are treating, f) < 1r, the upper 
sign of Eq. (7.59) is to be adopted and by introducing a quantity y defined 
by 

m2 
y2= __ ~~ 

l + sin2 !1/1 

the transfer-time equation takes the form 

3 2 2 21/1 - sin 21/1 
y -y =m .3 

sm 1/1 

(7.60) 

(7.61) 

These equations, (7.60) and (7.61), are the classical equations of Gauss 
which are to be solved simultaneously for the variables y and 1/1. The 
quantities l and m are constants which depend only on the geometry, the 
transfer time t2 - t1, and the gravitational constant p.. When y and 1/1 
are found, Eq. (7.52) provides an error-free computation of the semimajor 
axis a. The orbital parameter could then be obtained from Eq. (6.108). 

Before considering the solution of Gauss' equations, we will demon
strate that Gauss' quantity y has a significant geometrical interpretation. 
From Eqs. (7.52), (6.108), and (7.60) we find that 

p = Tl T2 sin
2 

! f) Jt.... = T~T~y2 sin2 f) 
2JT1T2 cos !f) m2 P.(t2 - tl)2 

t Observe that Eq. (7.58) implies that cos ! (J is to be positive and non-zero. Later 
we shall modify the equations to account for the case of a negative value for cos ! (J but 
the 180 degree transfer is excluded-a significant limitation of Gauss' method which we 
shall address in the last section of this chapter. 
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Then, since p = h2 / J.l, we have 

1 h(t2 - t l ) 
Y = -=:21:------

2TI T2 sin 0 
(7.62) 

the denominator of which is the area of the triangle fj.F PI P2 ; the 
numerator, by Kepler's second law, is the area of the sector bounded by 
the radii T I , T2 and the arc of the orbit included between PI and P2 • 

Thus, y is the ratio 0/ the areas 0/ the sector and the triangle. (All too 
frequently, Gauss' equations are developed by postulating this area ratio 
as an essential variable. In so doing, the fundamental motivation of Gauss 
tends to be obscured.) 

It is also interesting to observe that m and l are invariant under the 
transformation described in Sect. 6.7. Therefore, from either Eq. (7.60) or 
(7.61), the area-ratio y must also be an invariant. 

Solving Gauss' Equations 

The classical memoir by Gauss on hypergeometric functions and their con
tinued fraction expansions was published some four years after Theoria 
Motus so his development of the right-hand side of Eq. (7.61) appeared to 
be ad hoc and somewhat enigmatic. Later, he would have written 

2'ljJ - sin 2'ljJ _ i F (3 l' ~ .. 2 1,,1.) 
• 3 - 3 " 2 ' SIn 2 'f/ sm 'ljJ 

which we called Q in the previous section and developed in a continued 
fraction expansion. As a consequence of this relation, the quantity 

x = sin2 ~ 'ljJ (7.63) 

can replace 'ljJ as one of the two unknowns in Gauss' equations. 
In the orbit-determination problem which Gauss was originally 

addressing, the transfer angle 0 (and, therefore, 'ljJ) was small. It is reason
able, then, to assume as a first approximation, that 'ljJ (and x = sin2 ! 'ljJ) 
are zero. With Q(O) = ~, a corresponding value of y is determined by 
solving the cubic equation 

(7.64) 

for y (there being only one positive real root) and then obtaining a new 
value of x from 

m2 
x=--l y2 (7.65) 

The calculation is repeated until x ceases to change within tolerable limits. 
To improve the convergence, Gauss in typical fashion displayed 

remarkable ingenuity. The idea, similar to the one he used for Kepler's 
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equation described in Sect. 5.5, is to replace the cubic equation (7.64) by 
one that is less sensitive to changes in the variable x. 

We have already seen that Q( x) admits of a continued fraction 
expansion. Clearly, from Eqs. (7.45) and (7.46), it can be written as 

and 

1 
Q= 3 9 

4 - lOxX 
where 

1 
X= 2 

1 + 35 xZ 

1 
Z=---.,........--

40 X 
1- 63 

4 
1- ggX 

1- '. 

Now, define a quantity e as 

e = x(1- X) 

so that xX = x - e and, therefore, 

1 
Q= 3 9 

4' - lO (x - e) 

The continued fraction representation for e is found by noting that 

Hence, 

~xZ 2 X 
1- X = 35 = 35 

1 + i5xZ 2 + 1 
35

x Z 

~X2 e = _____ --::3=5_--:-:::---___ _ 
40 X 

1 + 325 X - -------:::6;.:.3"'74----

99 x 
1 - ----==70=----

143 X 1 - --='A"6--

65 x 
1--~~-

36 X 
1 _ 85 

1- '. 

(7.66) 

(7.67) 

so that if x is, indeed, small, then e, which is of the order of 3
2
5 x 2 

, will 
be considerably smaller. 

The next step is to write the cubic equation for y as 

m 2 

y - 1 = y2 [~ _ 190 (x - e}l 
by substituting Eq. (7.66) into (7.64). The explicit dependence on x is 
eliminated by using Eq. (7.65) to replace y2 x by m2 - y2i. A minor 
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rearrangement of this result produces a cubic equation for y in the form 

y3 _ y2 _ hy - ~ = 0 (7.68) 

where the coefficient h, defined as 

m 2 
h = (7.69) i +l+e 

depends only on e which we have already found to be of the order of 
sin4 ~ (E2 - E l ). Since l is positive [as is evident from Eq. (7.55)] and 
e is small, then h is positive. Hence, the cubic equation for y admits of 
exactly one positive real root. 

In this way, his objective of designing a rapidly convergent algorithm 
was neatly accomplished. For a reasonably small transfer angle () (and, 
hence, a correspondingly small value of x) we may first assume that x = 
e = O. Then h is determined from Eq. (7.69) and y obtained as the 
positive real root of the cubic equation (7.68). Having now a trial value for 
y, a new value of x is obtained from Eq. (7.65) with which an improved 
value of h is found. The process is repeated until y ceases to change by a 
preassigned amount-usually two or three iterations being sufficient. The 
method of successive substitutions, which he also used for solving Kepler's 
equation, obviously was a favorite technique of Gauss. 

After x and y are determined, the semimajor axis a and the orbital 
parameter p are determined from the formulas 

1 4rl r2y2 sin2"p cos2 ! () 
a = J.t(t2 - t1)2 

and (7.70) 

which involve only products and quotients, and as such are themselves 
error-free. 

To determine the eccentricity which Gauss wrote in the form 

. 2 tan !l/J 
e = sml/J = 2 1 

1 + tan '2l/J 
he also proceeded carefully and cleverly. Writing the parameter as 

r r sin2 ! () 
P = a(l - e2

) = acos2 l/J = 1 2 . 2 
a sm2 "p 

[using Eq. (6.108) for this purpose], we have 

_ Jr 1 r 2 sin ! () 
cosl/J - . "I. 

aSlllcp 

Now, substituting for a from Eq. (7.52), gives 

sin "p tan -21 
(} 

cos</> = ---~-
2(l + sin2 !"p) 
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Finally, by replacing f. with its equivalent from Eq. (7.55), we obtain 

2 1 1 - cos tjJ sin2( -!8 - !,p) + tan2 2w 
tan 2<P= 1+costjJ = sin2(-!8+ !,p)+tan22w (7.71) 

or, alternately, 

tan2 !tjJ = sin
2 

B = 1 + cot
2 

A 
2 sin2 A 1 + cot2 B 

(7.72) 

where 

sin2(! 8 - !,p) 
cot2 A = 4 2 

tan22w 
and 

The equations comprising the algorithm are universal as Gauss also 
demonstrated. By extending the definition of x so that 

{ 

sin2 i(E2 - E l ) ellipse 

x = 0 parabola 

- sinh2 i(H2 - H l ) hyperbola 

(7.73) 

and allowing, thereby, values of x to range from -00 to + 1, all types of 
orbits are included. Furthermore, and fortunately, the continued fraction 
(7.67) converges over this range. 

For the two cases 0 < 8 < 'Tr and 'Tr < 8 < 2'Tr Gauss developed separate 
equations as will be shown through Problems 7-8 and 7-10. Obviously, 
Gauss knew that his method was singular for 8 = 'Tr but he judiciously 
avoided ever mentioning it, as if it were just a minor annoyance -a small 
flaw in an otherwise beautiful scheme. Indeed, he said "The equations ... 
possess so much neatness, that there may seem nothing more to be desired." 
This flaw, however, coupled with convergence difficulties when 8 is not very 
small, has rendered the method impractical to the modern Astrodynam
icist who is concerned with a more general range of orbit-determination 
problems than Gauss could have imagined. 

¢ Problem 7-6 
Derive the appropriate equations of Gauss' method for the case of hyperbolic 

orbits and verify that Gauss' equations are universal. 

¢ Problem 7-7 
The equation of the velocity vector Vl at Pl , using Gauss' parameters, is 

4m2 ~s - y2rl y 
Vl = rl+--r2 

yrl (t2 - t l ) t2 - tl 
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~ Problem 5-8 
Y When the transfer angle () is between 180 and 360 degrees (or, more gener
ally, when cos ~() is negative), Gauss defined the appropriate quantities 

L=.!. _ rl +r2 
2 4y'hr2 cos ~() 

M = ...Jji.(t2 - t 1) 

( - 2,jrl r2 cos ~()) i 

Y= M 
J L - sin2 ~t/J 

sin2 ~() + tan2 2w 

cos ~() 

The orbit-determination problem can then be solved iteratively using 

M2 H M2 
H = 5 y3 + y2 - HY + - = 0 x = L - -

L- '6 -e 9 y2 

Further, the semimajor axis and the orbital parameter are obtained from 

Solving Gauss' Cubic Equation 

When the transfer angle 8 is small, Hansent devised a convenient method 
of solving Gauss' cubic equation (7.68) using continued fractions. For this 
purpose, we write the cubic in the form 

y2(y -1) - ~h(9y+ 1) = 0 

and, replacing y by z where y = 1 + 10z, obtain 

z(l + 10z)2 - ~h(l + 9z) = z(l + 9z)(1 + lIz) + z3 - ~h(l + 9z) = 0 

Hence 
h z3 

z(l + 11z) = 9' - 1 + 9z 

If the z3 term is neglected (and it will be small for small 8), then 

i h 
z=--~=== 

1 + VI + ~4h 
(5.74) 

t Peter Andreas Hansen (1795-1874) was the leading German theoretical astronomer 
of the mid-nineteenth century. In 1825 he was invited to succeed Johann Franz Encke 
as the director of the private observatory of the Duke of Mecklenburg at Seeberg, near 
Gotha. From then until the end of his life, Hansen's contributions to astronomy and 
celestial mechanics were 80 numerous and enriched 80 many branches of those fields that 
he was considered among the foremost astronomers of his time. 
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or, alternately, 

Gauss' Method 

lh }h z = 9 = __ --=--;-;-__ 

1 + lIz ~ h 
1 + ---=-:-:-ilh 

1 + ----=9:..-_ 

1+ '. 
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(7.75) 

If necessary, we can replace the h by h - 9,ii/(1 + 9z) and recalculate z 
from either the quadratic or the continued fraction. Each time the process 
is repeated, the original value of h is corrected using the latest value of z. 
When z no longer changes, then the root of the original cubic is 

y = 1 + 10z (7.76) 

In general, Eq. (7.68) can be reduced, first, to the canonical form 

z3 - 3(3h + l)z = 2(6h + 1) 

by the substitution 3y = z + 1, and next, to the form of Eq. (1.32) 

w3 _ 3w = 2 1 + 6h 
(1 + 3h)4 

(7.77) 

with the substitution z = VI + 3hw. Then, according to the discussion 
in the last subsection of Sect. 1.2, w may be obtained using continued 
fractions. With w known, the solution of the original cubic equation is 

y = ~ (1 + VI + 3h w) (7.78) 

¢ Problem 7-9 
During a time interval of 0.008840956 year, the planet Mars moved through 

a central angle of 9 = 2° from a radial distance of 1.397414 a.u. to a radial 
distance of 1.399588 a.u. from the sun. Use Gauss' method to determine the 
semimajor axis a, the mean daily motion n, and the eccentricity e of the Martian 
orbit. 

ANSWER: The exact values are a = 1.523691, n = 0.524033 deg/day, and e = 
0.093368. 

~ Problem 7-10 
Y The solution of the cubic equation in Prob. 7-8 for Y can be expressed as 

Y= i(Jl+3HW-l) where W 3 -3W+2 1+6H 3 =0 
(1 +3H)~ 

By substituting 

obtain 

1 
W=Z+

Z 

where B= 1+6H 
(1 +3H)i 
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as a quadratic equation in Z3. Show that the discriminant D of the quadratic 
is 

D= (1+6H)2 -1=- 27H (H- v's+I) (H+ v's-I) 
(1 + 3H)3 (1 + 3H)3 6 6 

Therefore, Gauss' cubic equation can have more than one real root. In fact, 

0< H < ~(J5 + 1) 

H = ~(J5+ 1) 

H>~(J5+1) 

one real root 

three real roots (two are equal) 

three real roots (unequal) 

For a positive value of H, show that Gauss' cubic equation (if it has any 
positive real root) has one negative and two positive roots, and that the two 
positive roots will either be equal to ~ (v's - 1) or one will be greater and the 
other less than this limit. Furthermore, show that the largest of the three roots 
is always the desired one. 

7.4 An Alternate Geometric Transformation 

The geometric transformation of the orbital boundary-value problem 
described in Sect. 6.7 resulted in the coincidence of the major axis and 
the chord-hence, a rectilinear orbit. The algorithm developed in the 
next section requires a different transformation resulting in an orbit whose 
major axis is perpendicular to the chord. The geometry of this new orbit 
is illustrated in Fig. 7.4. 

Transforming the Mean Point to an Apse 

It is not difficult to see that the fundamental ellipse becomes a circle 
under this transformation. For all other elliptic orbits, the transformed 
mean point will either coincide with pericenter or apocenter, depending on 
whether the original ellipse had its vacant focus F*, respectively, either 
below or above F; on the hyperbolic locus illustrated in Fig. 6.17. 

For discussion, consider an ellipse for which the mean point is the 
pericenter of the transformed orbit. The transfer time from pericenter of 
the new orbit to the point P2 is just one-half of the transfer time of the 
original orbit from PI to P2 • The pericenter radius is ro ' the mean point of 
the original orbit, the terminal radius is ! (rl + r2), and the true anomaly 
f is related to the original central angle 0 according to 

and (7.79) 

The transfer-time equation is now the elementary form of Kepler's 
equation 

(7.80) 
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Fig. 7.4: Transformed ellipse 
with major axis perpendicular 
to the chord. 

F' o 
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where eo is the eccentricity of the transformed orbit and E is the eccentric 
anomaly corresponding to the true anomaly f. These quantities are simply 
related to the invariants 1/J and ¢J or a and {3. Clearly, 

E = !(E2 - E1 ) = 1/J = !(a - (3) (7.81) 

Also, in general, from Eq. (6.74), 

TO = a[l- ecos ! (EI + E2 )] = a(l- cos¢J) 

But, for the transformed orbit, 

TO = a(l- eo) 

so that 
eo = cos ¢J = cos ! (a + (3) (7.82) 

Although the eccentricity is not an invariant, eo can, nevertheless, be 
expressed in terms of three of the basic length invariants of the boundary
value problem. Since 

p = q(l + e) = T(l + ecosf) 

then 
T-q 

e= ----:-
q - Tcosf 

Therefore, in the present context, we have 

!(T1+T2)-TO 
eo = 1 

TO - v'TIT2COS 2() 
(7.83) 

If the vacant focus is above the vacant focus of the fundamental ellipse 
on the hyperbolic locus, then TO will be the apocenter distance. Equations 
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(7.82) and (7.83) would produce a negative value for eo. Indeed, this 
case (r 0 being the apocenter radius) may be accounted for analytically by 
allowing the eccentricity eo to be negative. 

For hyperbolic orbits traversed from PI to P2 , the above analysis is 
essentially the same. The expression for the eccentricity of the transformed 
hyperbolic orbit is exactly Eq. (7.83) and, of course, the problem of a 
negative value for eo will not arise. 

Relating hand U to the Original Orbit 

The angular momentum h and the quantity U = r . v / Vii of the original 
orbit, each computed at the mean point, are 

h = rovo sin 10 and ~ Uo = rovo cos 10 

where 10 is the flight-direction angle which, from Eq. (6.66), is 

cos'o = eF 

where eF is the eccentricity of the fundamental ellipse. 
The angular momentum ho of the transformed orbit is 

ho = rovo 

because of the invariance of r 0 and vo' Thus, if Po is the parameter of the 
transformed orbit, we have 

and 

The quantities u and u 1 , corresponding respectively to the mean point 
and the initial point PI of the original orbit, are related according to Eq. 
(6.7). Therefore, 

(rOul + rluO) tan ~o = v'P(ro - r l ) 

where 0, the transfer angle separating the mean point and the initial point, 
is determined from Eq. (6.69). Hence, 

ul = (Po {rllro - ~ (rl + r2)] + (ro - rl )",r l r2 cos iO} (7.84) 
2'cro 

Further, since P = Po sin2 10 = Po cos2l/JF' we have, from Eq. (6.48), 

P 2po -=-
Pm C 

(7.85) 

The quantities uland .jP are precisely those needed to compute the ve
locity vector vI at the initial point PI of the original orbit using Eq. 
(7.33). 
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7.S Improving Gauss' Method 

The simplicity of Gauss' method would certainly have been attractive to 
the modern Astrodynamicist except for two major flaws-the method is 
singular for a transfer angle of 180 degrees and the convergence rate is 
extremely slow when that angle is not very small. In this section, an 
algorithm is developed which represents a major improvement over Gauss' 
method and is made possible by exploiting a new principle, of which Gauss 
and his followers were probably not aware (even though it is a fundamental 
property of two-body orbits), together with a new wrinkle on an idea 
that Gauss himself invented in developing the iterative solution of Kepler's 
equation described in Sect. 5.5. The new principle is the invariance of the 
mean point (discussed in Sect. 6.4) used in conjunction with the geometric 
transformation of the boundary-value problem to bring the mean-point 
radius into coincidence with an orbital apse as described in the previous 
section. The result is that the transformed problem can then be simply 
described using the elementary form of Kepler's equation. 

The second innovation is introducing a free parameter in Kepler's equa
tion. The new twist is to choose this parameter, not to be a constant as 
Gauss did in his application, but rather to insure rapid convergence over 
the entire range of problems. Indeed, it is truly startling to observe just 
how rapid the convergence is when the iterated variable is anywhere near 
the solution value. It is not uncommon for this quantity to improve by as 
many as four or more significant decimal places in a single iteration step. 

In this section, we derive an algorithmt which parallels exactly the 
elegant simplicity of the classical one but is completely devoid of the two 
basic faults of the original. In the process, we shall separately (1) remove 
the singularity at () = 7C' and (2) drastically improve the convergence for 
the entire range of transfer angles 0 < () < 27C'. 

Removing the Singularity 

The singularity at () = 7C' in Gauss' method is removed using the trans
formation described in the previous section and the transfer-time equation 
is the elementary form of Kepler's equation (7.80). There are a number 
of invariants of this orbital transformation. The mean-point radius-the 
radius to that point in the orbit at which the tangent is parallel to the 
chord PI P2 -is one such invariant and is precisely the pericenter radius of 
the transformed orbit. The difference between the eccentric anomalies at 
PI and P2 is also an invariant-half of this difference is just the eccentric 

t The material in this section is from the paper "An Elegant Lambert Algorithm" 
by Richard H. Battin and Robin M. Vaughan published in the Nov.-Dec., 1984 issue 
of the Journal 0/ Guidance, Control, and Dynamics. Several improvements have since been 
made which are incorporated here. 
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anomalyt E in Kepler's equation (7.BO). Obviously, the eccentricity eo, 
given in Eq. (7.B3), is not invariant even though the terms in that formula 
are each invariant. 

Our objective is to convert Kepler's equation to a form resembling 
Gauss' equations (7.60) and (7.61). To this end, write (7.BO) as 

~1?a(t2 - t1) = E - sinE + (1- .0) sinE (7.86) 

and replace 1 - eo by 

where we have used Eq. (6.79) for the second step. [Recall that rop is the 
mean point radius (now, the pericenter radius) of the parabola connecting 
the terminals.] Then, we have 

1 (sfi (2r
op)! . (

2r
op) 1 2 Br 3 (t2 -t1) a =E-smE+ a tan'2 E 

Op 

which involves only a and E. We can eliminate the semimajor axis by 
using the formula (4.32) which relates the true and eccentric anomalies. 
From 

we obtain 
2tan2 !E 

1- e = 2 
o tan2 ! f + tan 2 ! E 2 2 

(7.87) 

Hence, 

2rop _ 2(1- eo) _ 4tan2 !E 
a-I + tan2 !E - (1 + tan2 !E)(tan2 ! f + tan2 !E) 

(7.88) 

and, as a consequence, Kepler's equation takes the form 

J ~ (t2 - t1) 4tan
3 !E = 

Brop [(tan2 !f + tan2 !E)(1 + tan2 !E)]! 

E . E 4tan3 !E - sm + -:--~-:----~~~----:::--:--~ 
(tan2 !f + tan2 !E)(1 + tan2 !E) 

The analogy with Gauss' equations is now readily made. At the possi
ble risk of confusing the reader, we will use the same notation as in Gauss' 

t Recall that E == ",,-the symbol used in the development of Gauss' method. 
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method but the symbols will have different meanings. The advantage will 
be the ease of comparison of the two. Thus, if we definet 

2 1 2 1 P,(t2 - tl)2 
X = tan 2 E i = tan 'If m = 3 (7.89) 

Brop 

the analog of the first equation of Gauss is had by defining y ast 

2 m 
y = (i+x)(l+x) (7.90) 

Substituting into Kepler's equation, we obtain the analog of the second of 
G~'~~~~ . 

3 2 E - sinE 
y - y = m 4 tan3 ! E 

2 
(7.91) 

Just as in Gauss' method, the right-hand side of the second equation 
can be expressed using hypergeometric functions. Since, 

E - sinE 1 (!E 1) 
4tan3 ~E = 2tan2 ~E tan ~E - 1 + tan2 ~E 

= ~ (arctan..;x __ 1_) = _.!!... (arctan .;x) 
2x .;x 1 + x dx .;x 

we have, from Eq. (1.6), 

E-sinE _ d (1 .3. 
4tan3 !E - - dx F 2,1, 2' -x) 

2 

(7.92) 

so that Eqs. (7.90) and (7.91) are also functions of x and y as was the case 
in Gauss' equations. The hypergeometric function satisfies the necessary 
requirement to be expanded as a continued fraction. Specifically, 

1 
F(i,I;~;-x)=--------

x 
1+------

4x 
3+----

9x 
5+---

7+ '. 

which should be compared with the results of Prob. 1-10. 

(7.93) 

Since we cannot, explicitly, differentiate continued fractio~, an 
alternate form of Eq. (7.92) will be required. From the derivation of that 

t If we wished an exactly parallel comparison with the original Gauss method, we 
should write m 2 instead of m in the definition. However, there would be no other need 
for that notation and it will not be used in the following discussion. 

* Note that in this case y is not the sector-triangle area ratio. 
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equation, we see that 

dF = -.!.. (_1 __ F) 
dx 2x l+x 

(7.94) 

However, since x can vanish, we must eliminate the indeterminacy some
how. For this purpose, define 

F= 1 
l+xG 

where 

and obtain, therefrom, 

1 
G=---------

4x 
3+--------

9x 
5+------

16x 
7+-----

25x 
9+---11 + '. 

dF (1- G)F 
dx = 2(1 +x) 

(7.95) 

In the interest of simplifying the final result, it happens that we should 
also define e by 

1 
G= 4x 

3+ T 

so that 
dF 
d:r;= 

where 
9x e = 5+ -------

16x 
7+------

25x 
9+-----

36x 
11+---

13+ '. 

(2x+ e)FG 
= 

e(1 + x) (1 + x)[4x + e(3 + x)] 

(7.96) 

(7.97) 

Therefore, the analog of the second of Gauss' equations (7.91) can also be 
written as 

3 2 m(2x+e) 
y -y = (l+x)[4x+e(3+x)] 

(7.98) 

The reader should verify that these equations are also universal when 
the definition of x is extended to include the other conics: 

{ 

tan21(E2 - EI ) ellipse 

x = 0 parabola 

-tanh21(H2 - HI) hyperbola 

(7.99) 

with its values ranging now from -1 to +00. Here again we should 
emphasize the importance of the continued fraction formulation. Unlike, 
any power series representation, the continued fraction converges over the 
entire range of interest. 
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Computing i, m, and the Orbital Elements 

From Eqs. (7.89) and (7.79), we have 

i 
- 2 1 I _ 1 - cos I _ Tl + T2 - 2JT1 T2 cos! (J - tan "2 - - ~-..;;......-.!.....-::......::.----;.-

1 + cos I Tl + T2 + 2JT1T2 cos !(J 
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(7.100) 

However, just as was the case for Gauss' definition of i, this equation is 
not appropriate when f) is small; nor should it be used when f) is near 
360 degrees. The same technique that Gauss employed is applicable here. 
Indeed, we easily deduce that 

! 
sin2 !(J + tan2 2w 

4 for 0 < (J < 7r 
sin2 !(J + tan2 2w + cos!f) 

i= 4 2 

cos2 i(J + tan2 2w - cos !(J 
for 7r < (J < 27r 

cos2 i(J + tan2 2w 

(7.101) 

with tan2 2w calculated from Eq. (7.57). 
In like fashion, an error-free formula for computing the mean point 

radius of the parabola is possible. From Eq. (6.77), we have 

TOp = i (Tl + T2 + 2JT1T2 cos !(J) = JT1T2 (cos2 
i(J + tan2 2w) (7.102) 

to be used in determining m from the third of Eqs. (7.89).t 
The orbital elements are as easily calculated and as error-free as they 

were in Gauss' method. Since 

we have 

a(1 - eo) = TOp(1 + x) and 
2x 

l-eo=-
i+x 

1 2x 2xy2 
-= =--
a TOp(i + x)(1 + x) Topm 

so that we may compute the semimajor axis from 

1 16T~pxy2 16T1T2(COS2 i(J+tan22w)2xy2 
-= 2= 2 
a J.t(t2 - td J.L(t2 - td 

For the parameter, we first obtain 

(
1 2) J.L(t2 - tl)2 4ix 

Po = a - eo = 16T~pxy2 x (i + x)2 

using Eq. (7.87) to derive the second factor. But, from Eq. (7.90), 

2 i 2 m2 J.t2(t2 - tl)4 Y ( +x) - -~,....;....:::,....,.........:..;......,~ 
- y2(1 + X)2 - 64T8py2(1 + x)2 

(7.103) 

t As can be seen from the new definitions of l and m, we have eliminated the 
singularity at (J = 7r. However, there is now a singularity at (J = 27r, which is more 
tolerable. 
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so that we have 
_ 161r~py2(1 + X)2 

Po - P.(t2 - tl)2 

Now recall, from the discussion of the last subsection of Sect. 7.4, that 

2 2p 4r r2 . 2 
P=POCOS2¢F where cos ¢F = em = Tsm !O 

Next, we show that e2 can be expressed in terms of l and rop' For this 
purpose, from Eq. (7.100), 

1 + l = 2(rl + r2) = rl + r2 
r I + r 2 + 2v'r I r 2 cos ! 0 2r Op 

Also, from the first of Eqs. (7.79), 

• 2 _ 4 tan 2 ! 1 41 e2 

sm 1 - (1 + tan2 ! 1)2 = (1 + l)2 = (rl + r2)2 

Then, from these last two equations, we obtain 

e2 = 161r~p (7.104) 

to be used in the expression for cos2 ¢ F' Finally, then, the parameter may 
be calculated from 

4r3prlr2y2(1 + x)2 sin2 !O 
P = -..:..--~-~-=---~ 

P.(t2 - tIP 

= [2rlr2 (COS2 ~O + tan2 2w)y(1 + x) sin !O]2 
v'P(t2 - t l ) 

(7.105) 

For an accurate determination of the eccentricity, we use the by now 
familiar notation 

e = sin¢ and eo = sin¢o 

so that the equation 

P = Po cos2 
¢F becomes 

or 

Hence, 

sin2 ¢ = sin2 ¢o + sin2 ¢F - sin2 ¢o sin2 ¢F = sin2 ¢F cos2 ¢o + sin2 ¢o 

Now, substitute for sin2 ¢F from 

2 (r - r ) 2 r2£2 sin ¢F = e} = _2 __ 1 = _I_ 
e e2 
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where ( was defined in Eq. (7.56) as 

T2 = Tl (1 + () 
Further, since, 

c2 = T~ + T~ - 2T 1 T 2 cos () = T~ [2 + 2( + (2 - 2( 1 + () cos ()] 

we have 

Finally, using Eq. (7.87), 

• 2 2 (f._x)2 
sm 4>0 = eo = f. + x 

and, as a result, the eccentricity is accurately computed from 

(2 + 4 r 2 sin 2 ! () (f. - x) 2 
2 r 1 2 f. + x 

e = T 
(2 + 4...l sin2 ! () 

r
1 

2 

(7.106) 

In short, all of the precision-preserving techniques that Gauss so care
fully crafted for his method exist also with the new formulation. 

¢ Problem 7-11 
Formulas for i, m, the semimajor axis, and the parameter can be expressed 

in terms of .\ defined in Eqs. (7.5) and (7.6). Specifically, 

i= (~)2 
1+.\ 

and 
1 8xy2 

a m8(1 + .\)2 

2TIT2y2(1 + X)2 sin2 ~ (J 

p = m8(1 + .\)2 

where 

~ {8; 
.\8 = FS = ..jTIT2 cos ~ (J or .\ = ±y ---;--8- and T = Y -;a(t2 - t.) 

NOTE: This was the basis of the formulation used in the paper (previously cited) 
"An Elegant Lambert Algorithm." If (J is defined implicitly by the vectors rl and 
r2 , experiencet has shown that these equations are preferred for computation. 

t Allan Klumpp of the Jet Propulsion Laboratory made an extensive study of this 
algorithm in 1986-exploring the envelope of applicability and stress-testing it for all 
reasonable cases. He concluded that it "offers the required compactness, speed, and 
reliability for manned and unmanned onboard guidance. Tbe algoritbm offers the ac
curacy and application range required for planetary orbit determination and tbeoretical 
astronomy. " 
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Improving the Convergence 

In his Theoria M otus, Gauss developed an extremely efficient technique 
for solving the elementary form of Kepler's equation in the case of near 
parabolic orbits which was described in Sect. 5.5. The key was the intro
duction of a parameter specifically selected to accelerate the convergence 
of his successive substitution algorithm. Since our time equation is also 
the simple form of Kepler's equation, we are tempted to introduce a free 
parameter in this instance too. 

For this purpose, with {3 as yet unspecified, write Eq. (7.86) as 

where 
P = E - sin E and Q = sin E - {jP 

Now, from Eqs. (7.87) and (7.92) together with a trigonometric identity 
for the sine function, we have 

2x 
1- eo=-

l+x 
dF 

P = -4tan3 !E-
2 dx 

2 tan !E 
sinE = 2 

1+x 

which are used to develop the expressions 

[ ( )] - 3 I [dF hI 1 1 + {j 1 - eo P - -4 tan ijE dx + (l + x)(1 + x) 

4tan3 !E 4y2 
(1 - eo)Q = (l + x)(1

2+ x) (1 + hI) = ~(1 + hd tan
3 ~E 

with the quantity hI defined as 

dF 
hI = 2{3x(1 + x) dx (7.107) 

Then, by combining the third of Eqs. (7.89) with Eq. (7.103), we also have 

; /?a(t2 - t.) = 4y3 tan3 !E 

so that Kepler's equation can be written as 

(7.108) 

Clearly, if {j = 0, then hI = 0 and Eq. (7.108) reduces to (7.91). Otherwise, 
(j can have any value whatsoever-not necessarily constant. 

N ow that we have this extra degree of freedom, how can we best use 
it? To decide, consider the general problem of the simultaneous solution 
of two equations by successive substitutions. In the top part of Fig. 7.5 we 
have plotted two arbitrary functions YI (x) and Y2(X); the intersection of 



Sect. 7.5] Improving Gauss' Method 333 

these two curves is the solution point. To find the solution by successive 
substitution, we start by choosing an initial value Xo and then calculate 
the corresponding value of Yl (xo). Next, Yl (xo) is used to obtain a new 
value of x by locating the point where Y2(x) = Yl (xo). The new value of x 
is again used to calculate Yl which, in tum, is used to find a new value for 
x. This process is represented in the figure by the horizontal and vertical 
dotted lines. Clearly, the curvature of the two functions greatly influences 
the number of iterations required to reach the solution. In the extreme, 
suppose that Yl (x) is a constant as shown in the bottom part of the figure. 
Then the solution would be attained in just one iteration step since, for 
any xo' we have Yl (xo) exactly equal to Y2(X) at the solution point. 

la) 

fb) 

Fig. 7.5: Graphics of a successive-substitutions algorithm. 

Using this argument, it appears that we should choose our free 
parameter f3 so that dy / dx will be zero at the solution point. Of course, 
we don't know the location of this point-if we did, no problem would exist 
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at all. For the moment, we ignore this seemingly crucial matter, calculate 
the derivative of Eq. (7.108), 

2dy dy 2dhl d2F 
3y dx - 2(1 + hl)y dx - y dx + m dx2 

m dhl h d 1 0 + +m = (i + x)( 1 + x) dx I dx (i + x)( 1 + x) 

and examine the terms one by one. 
At the solution point, we know that Eq. (7.90) is satisfied so that the 

terms involving dhl/dx cancel. Hence, for dy/dx to be zero at this point, 
the sum of the fourth and sixth terms must vanish. Thus, 

d2 F 
(i + x)2(1 + X)2 dx2 - hI (1 + 2x + i) = 0 (7.109) 

and this is the equation we shall use to determine {3. This parameter will 
be a function of x which, of course, should be evaluated at the solution 
point wherever it may be. Since we don't know its location, we will use 
the function instead of its value-knowing full well that this is the right 
value at the solution point. It will be almost correct near that point and, 
hopefully, won't cause serious problems otherwise.t 

To evaluate the free parameter (3 from Eq. (7.109), we first note that 
since F = F(!, 1; ~; -x) is a hypergeometric function, it must satisfy 
Gauss' differential equation (1.12) 

d2F dF 
2x(1 + x) dx2 + (3 + 5x) dx + F = 0 

This can be used to eliminate the second derivative from Eq. (7.109). As 
a consequence, we obtain 

(7.110) 

When we substitute for dF /dx from Eq. (7.97) and make the appropriate 
reductions, we obtain the following equationt for hI: 

h _ (i + x)2(1 + 3x + e) 
I - (1 + 2x + i)[ 4x + e (3 + x)] 

(7.111) 

Finally, we have no difficulty in also deriving 

h - m(x-i+ e) 
2 - (1 + 2x + i)[4x + e (3 + x)] 

(7.112) 

t Gauss achieved a similar Battening of bis cubic equation (7.68) for values of x near 
x = 0 since he was able to insure that bis coefficient h had only a second-order variation 
with x. 

* Since hi is proportional to P, we bave, in fact, determined the free parameter. 
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where we have introduced the notation -h2 for the last term in Eq. (7.108). 
In summary, then, the two analogs of Gauss' equations (7.60) and 

(7.61) are 

X=J(~)2 + m_~ 
2 y2 2 

(7.113) 

and 
y3 _ y2 - hly2 - h2 = 0 (7.114) 

with the coefficients determined from Eqs. (7.111) and (7.112).t The 
function e(x) is calculated from the continued fraction 

~x e = 5 + ______ 7~,....._----
16 X 

1 + ____ ----::6::::,3=-___ _ 
25 X 

1 + 99 
36 

1 + 143 X 
49 

1 + 195 X 
64 

1 + 255 X 
81 

1 + mX 

for - 1 ~ x < 00 (7.115) 

1+ .. 

which is equivalent to Eq. (7.96). 
The mechanics of the algorithm are the same as for Gauss' method. 

From a trial value of x, the coefficients hI and h2 are calculated. Then 
the cubic equation is solved for y and a new value of x determined from 
Eq. (7.113). The steps are repeated until convergence to an acceptable 
accuracy is obtained. 

Transforming the Function ~ (x) 

In both Gauss' method and in the algorithm described here, the two 
operations which consume the most time are: (1) evaluating the continued 
fraction and (2) solving the cubic equation. In Theoria Motus, Gauss pre
pared tables for this purpose which span the region over which his method 
is useful and valid. In lieu of tables, we shall derive efficient computation 
techniques for these two aspects of our algorithm. 

In Sect. 1.4 a top-down method is described for evaluating continued 
fractions which can be used to determine e(x). It will not be considered fur
ther here. However, we must remark that, although the continued fraction 
representation of e(x) in Eq. (7.115) converges rapidly for small values of 
x, the number of levels required increases significantly as x becomes large. 

t Equation (7.113) is obtained from Eq. (7.90) by solving for x using the quadratic 
formula. The specified range -1 < x < 00 governs the choice of sign for the radical. 
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A substantial improvement in the rate of convergence can be had at 
the expense of a little extra preliminary computation. For this purpose, we 
establish, using Prob. 1-10, 

!E 
t 2 1 E = F(I, !; ~; - tan2 ! E) 
an 2 

from which is deduced 
!E 
4 = F(1 !. 2. - tan2 ! E) 

tan ! E ' 2' 2 , 4 
4 

Then, since 

2 1 E sec ! E - 1 VI + x-I _ 
tan - = = - TJ 

4 sec! E + 1 Jf+X + 1 -

it follows that 

1 3 2 tan ~E 1 3 2F(7J) 
F(x) == F(I, 2; 2; -x) = 1 E F(I, 2; 2; -TJ) = Jf+X 

tan 2 1 + x + 1 

Therefore, 

F(x) _ 1 _ 2 ( 1 ) 
- 1 + xG(x) - VI + x + 1 1 + 7JG(TJ) 

(7.116) 

To solve for G(x), this last equation is written as 

2[1 + xG(x)] = VI + x + 1 + (VI + x - I)G(TJ) 

=Vl+X+l+~ G(7J) 
l+x+l 

leading to 

2xG(x) - (VI + x-I) = 2xG(x) -~ = ~ G(7J) 
l+x+l l+x+l 

Now x may be cancelled as a common factor and we have 

Gx- I+G(7J) 
( ) - 2(Jf+X+ 1) 

Furthermore, 

Gx - - 1+ 1 1 [ 1] 
( ) - 3 + 4xle(x) - 2( Jf+X + 1) 3 + 47Jle(7J) 

and, in a similar manner, we determine 

e{x) = 8{ Jf+X + 1) 
1 

3+--
TJ+e{TJ) 

(7.117) 

(7.118) 

(7.119) 
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Continued Fraction Levels [e(x), e(l1 )] 

A\T 0.3 0.5 0.7 0.9 1.0 3.0 5.0 7.0 

-0.9 81,19 50, 15 36, 13 27, 11 24, 10 12, 6 46, 9 81, 9 
-0.7 60, 17 37, 13 26, 10 19, 9 17, 8 16, 7 29, 8 38, 9 
-0.5 44, 14 26,11 18, 9 13, 7 11, 6 15, 7 22, 8 26, 8 
-0.3 31,12 19, 9 13, 7 10, 6 8, 5 12, 6 17, 7 20, 7 
-0.1 20, 9 13, 7 10, 6 8, 5 7, 5 11, 6 14, 7 17, 7 

0.0 15, 8 11, 6 9, 6 7, 5 6, 5 10, 6 13, 6 15, 7 

0.1 11, 6 9, 6 8, 5 7, 5 6, 4 9, 5 12, 6 14, 7 

0.3 7, 5 7, 5 6, 4 5, 4 5, 4 8, 5 10, 6 12, 6 

0.5 5, 4 5, 4 5, 4 4, 3 4, 3 7, 5 9, 5 11, 6 

0.7 4, 3 4, 3 3, 3 3, 2 3, 3 6, 4 8, 5 9, 5 

0.9 2, 2 3, 2 3, 3 3, 3 4, 3 6, 4 7, 5 8, 5 

In summary, then, if we define 

x 
where -1<11<1 (7.120) 

'f/ = (VI + x + 1)2 

we have shown that 

e(x) = 
8(V1 + x + 1) 

(7.121) 
1 

3+ 
~11 

5+11+ 16 11 
1+ 63 

25
11 

1+ 99 
36 

1+ 143 11 
49 

1+ 195 11 

1 +'. 

In the tablet at the top of the page a comparison is made of the number 
of continued fraction levels required to compute e(x) to eight significant 
digits for various values of 

>.=±J8~C and fi T = s3 (t2 - t 1) (7.122) 

using both Eqs. (7.115) and (7.121). 

t The tables in this section are from the paper "An Elegant Lambert Algorithm." 
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Solving the Cubic 

Turning our attention now to solving the cubic equation (7.114), observe 
that Eq. (7.91) has only one positive real root since the right-hand side of 
that equation is positive for all orbits. Furthermore, that root must exceed 
unity in magnitude. This is the solution to our problem and, of course, 
must be a root of Eq. (7.114) also. 

It is not difficult to show that hI (x), defined in Eq. (7.111), is always 
positive, but h2 {x) , defined in Eq. (7.112), can have either sign. Hence, 
there can be more than one positive real root ofEq. (7.114) and the question 
of which is the proper choice must be resolved. 

It is easy to verify, for parabolic orbits with 

1- v'5 
A>--

1 + v'5 
that h2 is positive and, consequently, for that case Eq. (7.114) has exactly 
one positive real root. Therefore, if A and T vary continuously, a simple 
continuity argument will suffice to prove that, when multiple roots appear, 
the largest is always the correct choice. 

The classical explicit formulas for obtaining the roots of a cubic can, 
of course, be used for solving Eq. (7.114). However, there is an extremely 
attractive formula, utilizing continued fractions, which is guaranteed to 
produce always the correct root. 

The transformation 

where 

b= 
27h2 

4(1+h I )3+
1 

will convert the cubic equation for y to the canonical form 

Z3 - 3z = 2b 

which is just the one considered at the end of Sect. 1.2. The solution as a 
continued fraction is developed in that section. 

In summary, to solve the cubic, we first calculate 

B 
u=--===---

2{"'1 + B + 1) 
where {7.123} 

Then, the largest positive real root of Eq. (7.114) is 

1 + hI ( v'I+B) 
y= -3- 2+ 1+2uK2{u} {7.124} 
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where K (u) is calculated from the continued fraction 

1 

K(u) = ----.......:::;3~4----
27 U 

(7.125) 

1 + -------'::.:.....,,8,....----
27 U 1 + ---.::..:.......;:----au 

1 + __ --'9~:___-
22 U 

1 + _.....;8=1===_ 
208 U 

1 + 891 

1 + '. 

In general, the odd- and even-numbered coefficients of u in the continued 
fraction, which we call 12n+l and 12n' can be obtained from 

2(3n + 2)(6n + 1) 
12n+l = 9(4n + 1)(4n + 3) and 

2(3n + 1)(6n - 1) 
12n = 9(4n - 1)(4n + 1) 

The quantity 1 + B can be shown to be always positive so that no 
difficulty is encountered in the square root. Indeed, unless this term is 
positive, there will not exist a positive real root of Eq. (7.114). 

Of course, we can always resort to Newton's method for finding the 
root but we must be careful that we converge to the correct one. A little 
analysis confirms that an appropriate starting value Yo is either zero or 
i (1 + hI) depending on whether h2/(1 + hl)3 is or is not less than - 2~ , 

respectively. On each subsequent cycle in the iteration it makes sense to 
use the value of y calculated during the previous cycle. 

Finally, a few programming hints are appropriate. In calculating the 
coefficients of the cubic equation, hI (x) and h2 (x), note that from Eq. 
(7.113), we can write 

l+x= JL2+ ~ +L 

so that 

and ~ m 
i + x = V L2 + Y2 - L = y2 (1 + x) 

1 + 2x + i = 2J £2 + ~ 
where 

I 
1 cos l(J 
2 2 for 0 < (J < 7r 

1 - i sin2 ~(J + tan2 2w + cos!O 
L----

- 2 - 1 cos 10 
2 2 

cos2 10 + tan2 2w 4 

for 7r < 0 < 27r 
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Comparing the Two Methods 

While the derivations of Gauss' method and the new method for solving 
Lambert's problem are different, the final equations and mechanics of the 
algorithms are quite similar. The dimensionless parameters A and Tare 
the inputs to both methods. The new method requires somewhat more 
algebra for each iteration since there are two coefficients to be found for 
the cubic equation and Eq. (7.90) is quadratic in x. There is no need, 
however, to test the value of A as in Gauss' method since the new equations 
are valid for -1 < A ~ 1. The efficiency of either procedure is measured 
by the number of iterations necessary to compute x to a given accuracy. 

In the table on the opposite page, the two methods are compared to 
contrast the number of iterations required to compute x to eight significant 
digits. For Gauss' method, the initial values of x selected to generate this 
table were 

{ 

0 parabola, hyperbola, i.e., T ~ Tp = ~ (1 - A 3 ) 

xo= _l 
1 + 21 ellipse, Le., T > Tp 

(For the ellipse, Xo defines a circular orbit.) Note the rapid convergence of 
Gauss' method in the lower left-hand corner of the table. In this region, x 
is nearly zero and the transfer angle () is small. Gauss designed his method 
for problems of this type. The quantity c;(x) was ingeniously constructed 
to be of order x2 so that it would be very small for small x-the result 
being that h, the coefficient in the cubic, is nearly independent of x so 
that y is almost constant. 

The two major disadvantages are the singularity at A = 0 and the 
convergence properties over the range of A and T considered. Although, 
Gauss' method converged for all elliptic cases considered, it sometimes 
required more than 100 iterations to do so. For most of the hyperbolic 
cases, it did not converge at all. 

On the other hand, the new method was designed to converge rapidly 
for any case independent of the value of x. The nearly uniform convergence 
behaviour of the new method is seen in the table. The initial value strategy 
chosen for x was identical to that used for Gauss' method. In this case, 
those values are 

x = {O parabola, hyperbola 
o l ellipse 

The rapid convergence in the lower left-hand corner of the table is retained 
using the new method and there is no significant difference in the rate of 
convergence for positive or negative values of A. Although not shown in 
the table, a striking advantage of the new method is that only one more 
iteration step is necessary to obtain lour more significant figures in all the 
cases considered. 
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Number of Iterations (Gauss' Method, New Method) 

~\T 0.3 0.5 0.7 0.9 1.0 3.0 5.0 7.0 

-0.9 t,4 t,4 t,5 t,5 t,5 67, 8 210,7 190,6 
-0.7 t,4 t,5 t,5 t,5 t,5 44,5 52, 5 52, 4 
-0.5 t,4 t,4 t,4 t,4 t,5 24,4 26, 4 19,3 
-0.3 t,4 t,4 t,4 29,4 17, 4 14,4 14,3 19,4 

-0.1 t,4 16,4 10, 4 9, 4 8,4 10, 4 12,4 14,5 

0.0 t,4 t,4 t,4 t,4 t,4 t,4 t,4 t,5 
0.1 5, 4 6,4 6, 4 5,4 5,4 7, 4 9, 4 11,5 

0.3 3,4 4, 4 4, 4 4,4 4, 4 6, 4 8, 5 10,5 

0.5 3, 3 3, 3 3, 3 3, 3 3, 3 5,4 6, 5 8,5 

0.7 3, 3 3, 3 3, 3 3, 3 3, 3 4,4 5,4 7,5, 

0.9 2,2 2,2 2,3 2, 3 3, 3 4,4 5, 4 6, 5 
t Gauss' method does not converge. * Gauss' method is singular for (J = 180 degrees. 

¢ Problem 7-12 
A vehicle in interplanetary space moves from r I to r2 in a time interval of 

0.010794065 year where 

[0.159321004 ] [0.057594337 ] 
rl = 0.579266185 a.u. and r2 = 0.605750797 a.u. 

0.052359607 0.068345246 

Use both Gauss's method and the new method to determine the velocity vector 
VI at the position rl. 

ANSWER: 

[

-9.303603251 ] 
VI = 3.018641330 a.u./year 

1.536362143 

Behaviour Near the Singularity 

Because the new method is singular, it is instructive to investigate its be
haviour for values of ~ approaching -1. The last table shows the required 
number of iterations as A varies from -0.90 to -0.99. The uniformity of 
convergence persists except for a narrow region near T = 5. The increase 
in iteration steps is not the result of a poor initial guess for xo; indeed, 
it turns out that the number of steps approaches a maximum when the 
solution of the problem approaches the minimum-energy orbit-that orbit 
for which the semimajor axis is 

am = ~ s = 1 (r 1 + r 2 + c) 
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Number of Iterations for New Method near 360 degrees 

A\T 0.3 0.5 0.7 0.9 1.0 3.0 5.0 7.0 9.0 11.0 

-0.99 4 4 5 5 5 10 14 8 6 5 

-0.98 4 4 5 5 5 9 12 8 6 5 

-0.97 4 4 4 5 5 9 11 7 6 5 

-0.96 4 4 5 5 5 9 10 7 6 5 

-0.95 4 4 5 5 5 9 9 7 5 5 

-0.94 4 4 5 5 5 8 9 6 5 5 

-0.92 4 4 5 5 5 8 8 6 5 5 

-0.90 4 4 5 5 5 8 7 6 5 5 

-when the transfer angle is close to 360 degrees. This same region also 
causes difficulties for Newton's method as noted at the end of Sect. 7.2. 
The transfer-time graph experiences a change in curvature, necessitating 
abandonment of the Newton iteration technique, when A is near -1. The 
new method takes a little longer than usual but it still converges without 
modification. 


